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f (x1, x2 , …, xn) = x1
2 + x2

2 + … + xn
2

���� A �	��������.

" (a1, a2, …, an) ¹ 0,   ai ÎR,

f (a1, a2 , …, an) = a1
2 + a2

2 + … + an
2 > 0.

�� �������� X = (x1, x2 , …, xn)T�
�f (X) = X TAX > 0, 
� f (X) ������� f (X)
���A ������.

f (X) = X TAX������Û A �����.
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! A, B n 0

\ "X ÎRn , X ¹ 0 , X TAX > 0 , X TBX > 0

\ X T (kA + l B)X = k X TAX + l X TBX > 0

\ kA + l B 0 .
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 A = (aij)n´n . aii > 0(i=1,…,n).

aii≤ 0

X = (0, …, 0, 1, 0, …, 0)T

2 i

X TAX = aii ≤ 0

.

aii > 0 (i = 1, …, n).
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��� f (X) = X TAX 	� Û A �
������

�

Ü� "X ÎRn , X ¹ 0 , � Y = P -1X ¹ 0 , 

\ f (X)����	.
Þ�� A�����li ≤ 0, �
�l1 ≤ 0,

� Y = (1, 0, …, 0)T, � X = PY ¹ 0,

f (X) = g(Y) = l1 1 + l2 0 + … + ln 0 = l1 ≤ 0

�f (X) > 0���� li > 0, (i = 1, …, n)
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 3 . : |A + I | > 1

! A3 . :

\ A l1 l2 … ln

\ :C, 
C-1AC = L = diag(l1 l2 … ln)

|A + I | = | C L C-1 + I |
= | C L C-1 + C I C-1 |
= | C (L +  I ) C-1 |
= | C | |L +  I | |C-1 | = |L +  I | 
= (l1+ 1)(l2 + 1) … (ln + 1) > 1
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f (X) = X TAX�%!��X = PY �����
l1 y1

2 + l2 y2
2 + … + ln yn

2


� l1 , l2 , …, ln�A'#��.

&"���$1 '

�( n	� � f (X) = X TAX!�Û f (X)'!
����� n.

������ �'!)������"
������� �'!��.
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��� f (X) = X TAX ��Û A �I���

� Þ�� f (X)=X TAX ��, ����
�X=PY�
l1 y1

2 + l2 y2
2 + … + ln yn

2 � li > 0(i=1,…,n)

� !" = $"%", 	 %" = '/ $"!",

X = PY = P L Z = QZ,         (Q = PL)

� f (X) = z1
2 + z2

2 + …+ zn
2 = ZT I Z.

QT A Q = I.
���A � I ��.
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Ü��A � I 
�����	���P, �
PT A P = I.

� X = PY ��
f (X)=X TAX =(PY)TA(PY) = YT PT APY = YT I Y.

"X ¹ 0	� Y = Q-1 X ¹ 0

f (X) = X TAX = g(Y)
= y1

2 + y2
2 + …+ yn

2

�� f (X)�����.
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A A-1

A 

. 5 P PT A P = I.

PT A P)-1 = P-1 A-1 (PT )-1

= P-1 A-1 (P-1 )T

= I

Q =  (P-1 )T,   QT A-1 Q = I. 

. A-1 . 
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��� f (X) = X TAX ��Û A �	��
�����

� Þ� �A = (aij)n´n�
��. 

�	����� P�� A =  PT P.

�� | A |= |PT P| = |PT ||P | = |P|2 > 0.

� X =( x1 , x2 , …, xk, 0, …, 0)T 

� f (X)=X TAX = Xk
TAkXk > 0.
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� Xk
TAkXk > 0 � Ak ����$.

�� | Ak | = Pk > 0 ,      (k = 1, …, n).

��3 ����!#�
 �.

	6 ���%��������
(1)  f1 (x1, x2 , x3) = x1

2 + x2
2 - x3

2 + 2 x1x2 + 2x2 x3;

(2)  f2 (x1, x2 , x3) = x1
2 + x3

2 + 2x2 x3;

� f1� x3
2��� a33 = -1 < 0,

f2 � x2
2��� a22 = 0,

��� f1 , f2 "�������.


����



���������� 	�� ���

12

(3)  f3 (x1, x2 , x3) = x1
2 + 2x2

2 + 3x3
2 + 2 x1x2 + 2x2 x3;

f3	
�

�� f3������.
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�7    f (x1, x2 , x3) = x1
2 + 4x2

2 + 2x3
2 + 2t x1x2 + 2 x1x3,

t����f ��
��	�
�

�

���� f��
�	
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f (X) = X TAX������Û A �����.

. (
 )
 23 A)
 41 )
 3 .
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�2 �
����A = (aij)n´n��	��. b1, b2, …, bn
���n���
����: B = (aii bibj)n´n��	��.
�

�	��A�k ����� | Ak | > 0 , (k = 1, …, 
n).

��� | Bk | > 0 , (k = 1, …, n).

B ��	��.
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��2 �
	�� f (X) = X TAX������X,
(1)��f (X) = X TAX < 0, ��f (X)���	���
(2)��f (X) = X TAX≥0���f (X)���	���
(3)��f (X) = X TAX≤0���f (X)���	���
(4)��������������	�����
�	��.

��f (x1, x2 , x3) = x1
2 + x2

2 ���	���

f (x1, x2 , x3) = x1
2 - x2

2 + x3
2  ���	��.
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�4’ ����� f (X) = X TAX���
����
(1) f (X) ������
(2) A ����	����
(3) f (X) �������n�
(4) A ���������

(-1)k Pk > 0    (k = 1, 2, …, n).
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�9 ���	��
���
f (x1, x2 , x3) = -5x1

2 - 6x2
2 - 4x3

2 + 4 x1x2 + 4 x1x3

�

� (-1)k Pk > 0  (k = 1, 2, 3)

f  �.
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