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Abstract—Recently, tensor network (TN) decompositions have
gained prominence in computer vision and contributed promising
results to tensor recovery for their capability of compactly and
efficiently representing high-order tensors. However, current TN
topologies are rather being developed towards more intricate
structures to pursue incremental improvements, resulting in
a drastically increased number of TN ranks, which requires
laborious hyper-parameter selection, especially for higher-order
cases. In this paper, we propose a novel TN decomposition,
dubbed tensor wheel (TW) decomposition, in which a high-order
tensor is represented by a set of latent factors mapped into a
specific wheel topology. Such a decomposition is constructed
starting from analyzing the graph structure, aiming to more
accurately characterize the complex interactions inside objectives
while maintaining a lower hyper-parameter scale, theoretically al-
leviating the above deficiencies. The comprehensive analysis of the
mathematical properties fully demonstrates that TW decomposi-
tion can be more potential in representation capabilities and more
flexible in controlling both parameter storage and computational
costs. To compute the TW-format decomposition, the sequential
singular value decomposition (SVD)-based and the alternating
least squares (ALS)-based learning algorithms are developed.
Furthermore, to investigate the validity of TW decomposition,
we provide its one numerical application, i.e., tensor completion
(TC), yet develop an efficient proximal alternating minimization-
based solving algorithm with guaranteed convergence. Exper-
imental results on both synthetic and real-world data reveal
that TW decomposition significantly outperforms other state-of-
the-art tensor decompositions for incomplete-tensor inference,
especially under solely few observations, thus substantiating the
superiority and reliability of TW decomposition.

Index Terms—Tensor wheel decomposition, tensor network,
wheel topology, tensor completion, image inpainting.

I. INTRODUCTION

ENSORS, as a higher-order generalization of matri-
ces, provide the natural representation format for high-
dimensional data, e.g., multispectral images (MSIs), color
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videos (CVs), and light field images (LFIs). Instead of matri-
ces, tensors can inherently preserve the complex interactions
inside high-dimensional data, garnering increasing interest
in signal processing [1]. Tensor decompositions refer to the
representation/approximation of high-order tensor data by us-
ing latent small-scale factors, which can be considered as
the principal components or features, leading to the reduced
storage cost and computational complexity in large-scale and
intractable tensor data analysis. Previously, different tensor
decompositions have been proposed and extensively applied in
various fields, e.g., signal processing [1], [2], [3], [4], [5], [6],
[7], machine learning [8], [9], [10], [11], and medical imaging
[12]. Among them, tensor singular value decomposition (t-
SVD) [13], especially CANDECOMP/PARAFAC (CP) [14]
and Tucker [15] decompositions, are the most classical and
widely investigated.

More recently, tensor network (TN) decompositions [16],
[17], [18], [19] have emerged as a powerful framework to
graphically and intuitively construct more sophisticated de-
composition formats. They have consecutively been involved
in computational mathematics and numerical analysis, exhibit-
ing superior properties, such as super compressing and effi-
cient computing [20], [21]. Particularly, some of TN decom-
positions have received ubiquitous attention and have produc-
tively been introduced to the computer vision community for
tensor recovery, e.g., tensor completion (TC) [22], [23], [24],
[25] and tensor robust principal component analysis (TRPCA)
[26], [27], owing to their excellent characterization capabilities
determined by the TN topologies. The popular tensor train
(TT) decomposition [28] is one such decomposition, in which
an Nth-order tensor is expressed as strictly ordered multi-
linear products over one matrix, followed by N — 2 third-
order tensors and another matrix (see Fig. 1(a)). Afterwards,
tensor ring (TR) decomposition [29], [30], [31], considered
as a generalized form of TT decomposition, instead expands
the near-border two matrices in TT factors to two third-
order tensors and then constructs the cyclically sequential
multi-linear products over N third-order tensor factors (see
Fig. 1(b)). Currently, a more sophisticated decomposition,
referred fully-connected tensor network (FCTN) decomposi-
tion [32], has also been explored by establishing a structure
evolved from the complete graph in graph theory, where all
decomposed Nth-order factors are connected to each other
(see Fig. 1(c)). As of now, TT, TR, and FCTN formats have
been properly evaluated and successfully applied to a variety
of fields, e.g., classification [33], compressive sensing [34],
and image/video recovery [32], [35], [36], [37], [38], showing
great performance.
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Fig. 1. Graphical illustration of (a) TT decomposition, (b) TR decomposition, (c) FCTN decomposition, and the proposed (d) TW decomposition.

Despite the effectiveness of TT, TR, and FCTN decomposi-
tions, three intrinsic limitations are rather reflected in their
TN structures. More specifically, (i) TT, even TR, models
only establish the connection over adjacent latent factors while
ignoring other possible interactions between non-adjacent di-
mensions, leading to an inadequate relation construction. (if)
From the perspective of tensor subspace, the intricate features
inside an Nth-order tensor can be well-preserved in the same
dimensional tensor space without destroying the structures.
However, when N > 4, TT and TR models express an Nth-
order tensor employing only third even lower-order factors,
which definitely cannot form the desired space. (iii) From the
number of FCTN-ranks, FCTN model generates (N? — N)/2
hyper-parameters, which scale quadratically with tensor order
N. Thus, numerically specifying an optimal collection of
FCTN-ranks can be challenging for higher order, making it
a costly and tedious task.

Given the above limitations, we argue that a more ratio-
nal TN model should include three aspects. Namely, (i) all
factors with dimension modes (i.e., Ix, &k = 1,2,---,N)
are certainly interconnected with their adjacent ones, while
remaining as equivalently close as possible to the others.
(i) At least one Nth-order factor is required to physically
inherit the complex interactions from an Nth-order tensor,
thus expecting superior characterization for high-order tensors
without sacrificing parameter storage. (iii) The TN structure
keeps the scale of hyper-parameters lower, i.e., the smaller
collection of ranks. Remarkably, the first two folds correspond
to the characterization capabilities, which are crucial for TN
models in high-order data recovery. Consequently, we propose
the tensor wheel (TW) decomposition, which decomposes an
Nth-order tensor into both N fourth-order ring factors and an
Nth-order core factor, and establishes the multi-linear products
by wheel topology (see Fig. 1(d)), aiming to agree above three
superior properties.

The main contributions of this paper are as follows.

e We mathematically give several novel TN definitions and
investigate the related theoretical properties (Section III-A).

e We analytically propose a novel TN decomposition, called
TW decomposition, which decomposes an Nth-order tensor
into N + 1 factors mapped into wheel topology. Such a
decomposition allows more expressive characterization for
correlation than TT and TR formats, especially preserving
the linear scaling for the number of hyper-parameters (TW-
ranks) with increased tensor dimension (Section III-B).

e We present two learning algorithms for constructing TW
decomposition, i.e., the sequential singular value decompo-
sition (SVD)-based and the alternating least squares (ALS)-
based algorithms. Also, we analyze the approximation error
bound of the SVD-based algorithm (Section IV).

e We further provide a practical application of TW decom-
position, i.e., tensor completion (TC), and then formulate
a TW decomposition-based TC model, abbreviated TW-
TC. Moreover, we develop an efficient proximal alternating
minimization (PAM)-based algorithm to solve the proposed
TW-TC model and establish the theoretical proof of the
algorithm convergence (Section V).

This paper is an extended version of the earlier conference
paper [39]. Since its introduction, TW decomposition has
attracted increasing attention in the tensor learning and signal
processing communities, and a number of follow-up studies
have explored its extensions and applications, e.g., regularized
TW models [40], [41], randomized TW algorithms [42], [43],
and task-driven TW variants [44], confirming its application-
oriented effectiveness. In this context, the journal version
aims to provide a more systematic and consolidated treat-
ment of TW decomposition by strengthening its theoretical
foundations, clarifying its computational characteristics, and
presenting a more comprehensive evaluation of its flexibility,
reliability, and universality. Compared with the preliminary
version [39], the substantial improvements include

e We investigate the algebraic properties of the generalized
tensor k-contraction, which more sufficiently exhibits the
computational characteristics (Section III-A).

e We reprove Theorems 1-3 more rigorously by leveraging the
above-investigated algebraic properties (Appendix B).

e We present the sequential SVD-based learning algorithm
and provide its approximation error analysis (Section IV-A).

e We refine both the parameter storage and computational
complexity analysis and clarify the flexibility of TW topol-
ogy in rank allocation (Remark 1 and Section V-B).

e We perform additional and more comprehensive experi-
ments, including more simulation types, more real-world
datasets, more sampling rates, higher-order tensors, stor-
age parameter analysis, topology reliability analysis, and
updated comparison methods (Section VI).

The remainder of the paper is organized as follows. The
notations and tensor networks are introduced in Section II.
The tensor wheel decomposition and theory are developed in
Section III. The SVD-based and ALS-based learning algo-
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Fig. 2. Tensor network representation of (a) scalar € R, (b) vector x € RI1, (c) matrix X € Rt %12 (d) third-order tensor X € RI1*12X13 (e) Nth-order
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rithms are presented in Section IV. The TW decomposition-
based recovery model, algorithm, and analysis are provided
in Section V. The numerical experiments are performed in
Section VI. Finally, the conclusion is given in Section VII.
All proofs are arranged in the supplementary material.

II. NOTATIONS AND PRELIMINARIES
A. Notations

In general, scalars, vectors, matrices, and tensors are de-
noted by lowercase letters, e.g., x, lowercase bold letters,
e.g., X, uppercase bold letters, e.g., X, and calligraphic
letters, e.g., X, respectively. For an Nth-order tensor X €
RIxT2XxIN " the (iy,i9,--- ,ixn)-th element of X is rep-
resented by X (i1,ia, - ,in). The Frobenius norm of X is
defined as ||X||F = \/ZN X (i1, iz, ,in)2. The
outer product of vectors x € R/t and y € R’ is denoted
by x ® y € RIv¥!2 whose (i1, io)-th element is x(i1)y (i2).
For integers p,q € Nt with p < ¢, we especially denote the
vector (p,p+1,--- ,q), the sequence {X,, Xpy1, -, Ay}, the
minimum, and the maximum by p : ¢, X},.4, p/A ¢, and pV g,
respectively. Additionally, the top r left singular vectors of any
matrix X € R11*/2 are indicated by .Z, (X).

B. Tensor Networks

Tensor networks graphically consist of vertices and edges,
which indicate tensors and modes, respectively. Instead of
tensor algebra, TN diagrams can more intuitively represent
tensors, tensor contractions, and tensor decomposition models.
For tensor representation, the degree (i.e., the number of
dangling edges) of vertices corresponds to the order of tensors
(see Fig. 2(a)-(e)). The connected edges between two vertices
or one vertex with itself represent tensor contractions over the
involved tensor modes (see Fig. 2(f)-(j)). When appropriate
edges are contracted along vertices, various TN decomposition
models, e.g., TT [28], TR [29], and FCTN [32], can be
naturally formed (see Fig. 1(a)-(c)). Actually, TN diagrams can
be ambiguous for algebraic interpretation by not specifying
the arranged order of all tensor modes and not depicting the
special tensor modes with a value of one. Nevertheless, any
algebraization is acceptable as long as such a criterion is
consistent with all computations.

III. TENSOR WHEEL DECOMPOSITION
A. Basic Theory

To numerically construct the TW decomposition, we firstly
develop several new tensor definitions and properties.

*IN(f) matrix trace Zil X (i1,41) € R, (g) matrix-vector product Xy € R1, (h) matrix-matrix product XY € R1*I3_(i) tensor
XJp 1 XIpgp1 X

*JN and (j) quadratic Frobenius norm || X||2, € R.

Definition 1 (Tensor Permutation). Given an Nth-
order tensor X € RIXI2XXIN_ Agsyme that vector
n = (ni,ng, -+ ,ny) is a specific reordering of vector
(1,2,---,N), then we define the vector n-based permutation
of tensor X as a tensor X e RImxInoXxIny ywhose
elements obey

—

Xn(inwinza"'7inN):X(i1ai27"'aiN)' (1)
Definition 2 (Generalized Tensor k-Unfolding). Let n =
(n1,n9,--- ,nyn) be any reordering of vector (1,2,--- ,N),
then for an Nth-order tensor X € R *<12XXIN the gener-
alized k-unfolding (0 < k < N, k € Z) of X is defined as a

k N
matrix X,y € RITi=1 T }I=a Inj - yonich requires

7inN) )
) @)
where X" is the n-based tensor permutation of X, and the
multi-indices ip,in, -+ iny aNd in, in, , - in, are defined
by 1 + Zl 1 (i, — 1)1_[;;11 In; and 1 + Zij\ilﬁ-l(ini -
1) H; }H—l I,,;, respectively. When k is 0 and N, X[y, €

0 O O _’n . .
Ings i "'ZnN) =X (anaznzv"'

X[n;k] (inling T

RVILS Iy g XmN] € RITL Xt imply two  gen-
eralized vectorizations. Conversely, the inverse operator of
the k-unfolding yields X = Foldp(Xpy) or X =
Foldp,.y (X[n;k]) for k=0, N.

Following Definition 2 with the associated multi-indices,
X((k,1:k—1,k+1:N);1] €an be specialized as Xy, which is the
classical mode-k unfolding, see [3]. Also, X{(x:n,1:x—1);1] can
be specialized as X .j~, which indicates the cyclic mode-
k unfolding in TR decomposition [29]. Correspondingly, the
mode-k folding operators of these two special unfoldings can
be expressed as Fold;)(-) and Fold<y(-), respectively.

Definition 3 (Generalized Tensor k-Contraction). Given
an Mth-order tensor X € RIxDX-xXIm gnd an Nth-
order tensor ) € RIXT2XXJIN with k common modes
(1 < k < MANN, k € Z) Assume that two vectors

m = (my,mo, - ,my) and B = (ny,ne, -+ ,ny) respec-
tively indicate the reordering of vectors (1,2,--- , M) and
(1,2,--- ,N), satisfying I, In, for i = 1,2,--- kK

Mpgp1 < Mpyo < - < mpp and g1 < Nggo < --- < N
Then the generalized k-contraction between X and )Y along
the k modes specifies an (M + N — 2k)th-order tensor
X X:Lnll’,.-.-"’;::k y c RI"LIC+1X"'XI7”]\4><J"1€+1X"'XJTLN, which is
given as follows,

X Xmlam2» M
nin2, ik

= Fold|(1:m+N—2k);M—k] (XE,;;k]Y[n;k](ga)
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Fig. 3. Graphical illustration of the generalized tensor k-contraction in Definition 3.

where X k) and Y.y are the m-based and n-based k-
unfoldings of X and Y, respectively. When k = M A N, the
lowercase symbols, i.e., X(m;x) OF Yn;x), can be aptly adopted.

For intuitive understanding, Fig. 3 provides the graphical
illustration of the generalized tensor k-contraction. Generally,
all contracted modes in Definition 3 are higher than or equal to
2,ie, Ip, >2and J,, >2,i=1,2,--- K, but it still works
for other exceptlonal cases. When [[¥_, I, = [T/_, Jn, = 1,
wakﬂ . # 1, and TV i1 Jn: 7 1, the matrix-matrix
product X - k]Y[ n;k) 10 formula (3) reduces to the outer
product Xk © y[—;;k], appearing as two isolated vertices
without the connected edges in TN diagrams. Furthermore, the
algebraic properties of the generalized tensor k-contraction are
studied for better theoretical analysis.

Property 1. Let X X, 0% 70" Y be the k-contracted tensor

in Definition 3, then the (imk+17 g I o Jny ) th
element of X xy'' 0o 2" Y can be computed by
(X ;71117;1;;?, ,ﬁlnk y)(lmk+1 y T ivajnHu T 7jnN)
Iomy Iy
= 2 Z > @

i?nk :jnkzl

ajN))'

Uy =Jng =1 Gmgy=Jny =1

(X(ilai%"' 7ZM)y(j17j2>"'

Property 2. Given an Mth-order tensor X € RIv<I2>xxIm
and an Nth-order tensor Y € RI1X2X XN with k common
modes (1 < k < M AN N, k € Z). Assume that two
vectors m = (my, ma, -+ ,my;) and B = (ny,na, -+ ,NN)
respectively indicate the reordering of vectors (1,2,--- M)
and (1,2,--- ,N), satisfying L,,, = Jn, for i = 1,2,--- |k,
Mgl < Mpyo < --- < mpr and N4y < Nggo < --- < NN.
Then the computation of the generalized k-contraction imposes

X Y = (VG XY 6)
wherev=(N—k+1: M+ N —2k,1: N —k).

Property 2 elaborates that even if the contracted modes
are properly specified, the generalized tensor k-contraction
operator is still not commutative, i.e., X Xp. Y
Y Xy X, just like the matrix multiplication. However,
the resultlng tensors X Xy n® Y and Y Xgy 0k, X can

be transformed into each other by tensor permutation.

Property 3. Given an Mth-order tensor X € RI1>*12x>1n
an Nth-order tensor Y € R D2xXIN  qnd an Hih-
order tensor Z € REivxLexxLu \whore X and YV, Y and
Z, and X and Z have ki, ko, and ks (2 < k1 + k3 <
M, 2 < ki+k <N, 2< ky+ky < H, ki,kp k3 €

N*) common modes, respectively. Assume that three vec-

tors m = (my,ma, - ,mpr), B = (ny,n9, - ,ny), and
h = (h1,ha,- -, hy) respectively indicate the reordering of
vectors (1,2,~~ , M), (1,2,--- ,N), and (1,2,--- , H), such
that I, = Jy, for i =1,2,--- k1, Jn, ,, = Ln,, ., fori=
1,2,--- kjg, mk1+1 =Ly, fori=1,2,--- k3, Miy4kat1 <
Mpytks+2 < 00 < MM, Ny tkot+1 < Nkytkot+2 < -0 < NN,

and Ry, 4 k11 < Rgytkg+2 < -+ < hy. When the contracted
modes are fully and properly specified, the successively con-
tracted tensors with different precedences are equivalent as
follows,

M1, M2, My My 415 Mk + kg Ny 415" Mk +ko
X X1, ey N—a 1o N~z kg (yxhk3+1,-~»,hk3+k2 )
o mM1,ma, My 1,2, ks, M —ki1+1,--- M—kq1+k2
- (X an»”%”""h y) Xhhh’z,“'ahk37hk3+17“‘7hk3+k2

(6)
Property 3 demonstrates the associative property of the
generalized tensor k-contraction operator, provided that the

contracted modes are properly specified. Otherwise, such an
operator is performed by only the left-side precedence.

B. Tensor Wheel Model

Given an Nth-order tensor X € RI1*xI2XXIN then TW
decomposition aims to parameterize it by both N fourth-order
ring factors Gy € REx XX LpX Ry ] = 1.2 ... N, and
an Nth-order core factor C € RE1xL2x-XLix-XLn When
k = N, Ry41 stands for R;. Mathematically, the TW model
establishes the element-wise relation as follows,

R1 R Ry L1 Lo

S DI 3D SR>

ri=1r=1 ry=1l=1l=1 Iy=1
(gl(ﬁ,21751,7‘2)92(7‘2712,1277"3) 7
G (Ths s Uy 1) -+
GN(rn,in, In,m1)C(l, e, - - ,ZN)).
According to Property 1, when the tensor contractions are

firstly executed on the ring factors Gy, k =1,2,--- /N, TW
model (7) can be naturally expressed in the tensor form' by

X =G x{Gax§---x

X(i17i27"' I

2N
N X .,N Cv

®)
which provides the actual computation for TW decomposition.
Symbolically, we employ TW[G1,Gs, - ,Gn;C] or, more
compactly, TW[{G,}¥_,;C] to denote TW decomposition.
Moreover, the ring factors Gy, k = 1,2,--- | N, and the core

kg x2k+2 2N1g

IFor model (7), Property 1 determines that Gy, k = 1,2,--- , N, can
only be sequentially contracted from G; to Gy, but is unconstrained on C.
Accordingly, when Gg, k = 1,2,--- | N, are firstly contracted, the tensor
form of model (7) can be uniquely established in formula (8).
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factor C are collectively called TW factors. Apart from the
basic tensor form in formula (8), TW decomposition also has
numerous generalized tensor forms, but enumerating all the
cases is laborious and pointless. Alternatively, Theorems 1
and 2 exhibit two special tensor forms, aiming to illustrate
the invariance property of TW decomposition.

Theorem 1 (Core-Centered Circular Invariance). Given an
Nth-order tensor X € R 12XXIN qnd jts TW decomposi-
tion TW[{Gx}N_,;C]. Assume that n = (ni,ng, -+ ,ny) is
the circular reordering of vector (1,2,--- , N), then the core-
centered invariance gives X" = TWI{Gn, 11 c.

Theorem 2 (Core-Connected Invariance). Assume that the
generalized TW decomposition of X € RIvxT2xXIn g
X" = TW[{Gn, }H_,;C"], where n = (n1,na,- -+ ,ny) is any
vector that circularly shifts vector (1,2,--- ,N). Let vector
e = (ny,nk,na, - ,Ng—1,Nk+1, - ,nn) B< k<N, ke
7), then

ve __ 345 4 3,4, k+1,N+2
X =Gn, XTC X300, X737 ok 50k 2 Ino s iy

X1,3,4,-~ ,N—k+2,N—k+4 g
2(N—k)+2,3,5,- ,2(N—k)+1,1 INk+1,""" N>
4 2(k—2)
Gno (>]i71 k-)- - X] Gn,_, and
4 2(N—
X7 X] gnN.

9

where gn?v"'7"k—l
gnk+1""ynN = gm«-u

Theorem 2 reveals that any two non-adjacent ring factors
with dimension modes (i.e., I, K = 1,2,---,N) can be
connected by the core factor. Accordingly, TW topology can
comprehensively establish all possible mode interactions of a
high-order tensor without being impeded by other ring fac-
tors, which endows TW decomposition with adequate relation
construction over TT and TR decompositions.

Theorem 3 (Tensor Subwheel Equation). Assume that the
generalized TW decomposition of X € RIxI2x-xIn g
X" = TW[{Gn, {Cvzl;(f”]], where n = (ni,ng, - - ,ny)
is any vector that circularly shifts vector (1,2,--- N).
Let vectors u = (N +1,N +2,1,2,--- /N) and v =
(2,4,--- ,2N,1,3,--- ,2N — 1), then there inherently exists
the following two tensor subwheel equations,

X<nN> = (GnN)(2) (MinN)[u;S] (10)

and

(1)

where Mz, € REna X Ing XXy X By XLon g g (N +
2)th-order subwheel tensor, which merges all TW factors but
8

; _ 4 2k 2k+2 2N -2
Gnno z.e§5M;§7]l\,N = Gn, X7 X7% Gnp X3 S
gnN_l X1j27::: 7N771 cr, and,/\[;éc S RIny XLny X XIny XLy o
another 2N th-order subwheel tensor obtained by only merging

N _ 4 2k 2k+32 2N,1
{Gnidimr e N = Gy X3 X 30Gy X775 X4 Gny-

Theorem 3 clarifies that all TW factors, ie., G, k =
1,2,---,N, and C, can be individually separated from
TW[{Gr}_,;C], which contributes to those alternating
direction-based numerical algorithms, e.g., ALS and PAM
ones in Sections IV-B and V-A, respectively. Furthermore,
)‘(’_’L’(LN);OL: 6'[!(1:N);0 (Nuc)py;n in formula (11) is essentially

i?(l:N);O] = 6'[1(1:1\/);0] (N75C)[V;N]a

1.2.-.- .
X" = C" x5 Nxc, appearing as a tensor subspace

representation. Since all modes of X" are contained in N?gc,
C" is purely a coefficient tensor, and N can be regarded as
a basis tensor. From such a perspective, the intrinsic structure
of a high-order tensor can be well-preserved by the core
factor C, leading to a high characterization ability of TW
decomposition.

Theorem 4. Assume that X = TW[{Gx}*_,;C]| with N ring

factors Gy, € RERXDIXLeXRiv1 then for k =1,2,--- , N,
k+1
Rank(X(j)) = Rank(X <) < Ly, H R;. (12)
i=k

Theorem 4 justifies that Ry and Ly, £k = 1,2,--- | N, can
upper bound the rank of all dimension-mode tensor unfolding
and control the low-rankness behavior to a certain extent.
Thus, they are assigned as the TW-ranks, usually collected by
avector 7 = (Ry, Ry, -+, Ry, L1, Lo, ,Ly) € R?N. The
TW-ranks essentially determines the actual TN structure, e.g.,
Tucker topology when R;, = 1 and TR topology when L, =1
with k = 1,2,--- | N, graphically proving the superiority of
TW decomposition over both Tucker and TR decompositions?.
Along such a perspective, TT, TR, and FCTN decompositions
can be viewed as a special case of the adaptive TN (ATN)
decomposition [19], which adaptively identifies TN structures
by eliminating the relevant edges from the complete graph
topology. Nevertheless, provided that decomposing the same
Nth-order tensor, TW decomposition is exactly excluded from
the setting of ATN decomposition since the latter cannot fit
the structures with an internal core tensor, e.g., Tucker [15],
hierarchical Tucker [17], and projected entangled state pairs
(PEPS) [16] topologies. Compared with FCTN decomposition
with (N2 — N)/2 ranks, TW decomposition forms the col-
lection of 2NN ranks, which grows only linearly rather than
quadratically with the tensor order N, thereby improving its
flexibility for higher-order tensor recovery applications.

Remark 1 (Storage Complexity Analysis). For a given Nth-
order tensor X € RIXIx< I \whose TW-ranks v is assumed
to involve only Rand L, i.e., r = (R,R,--- ,R,L,L,--- | L),
TW decomposition requires O(NIR?L + L") parameter
costs for storage. Apparently, the O(NIR?L + L") scales
exponentially with the tensor order N, resulting in a cursed
storage complexity, just like Tucker decomposition. Nonethe-
less, TW topology considers the potential relationship and
further establishes valid connections between the adjacent
ring factors than Tucker topology. Such a strategy not only
allows TW decomposition for more expressive characterization
capability but also reduces the loadings of the core factor,
which contributes the smaller L in O(NIR*L + L), thus
alleviating the burden of higher storage complexity. For in-
stance, when the SVD-based learning algorithm is applied to
decompose an Nth-order tensor, the {Ly}_, in v can be
arbitrarily specified (e.g., L = 1, k = 1,2,--- | N) without
any approximation error (Section IV-A), which is unachievable
for Tucker decomposition.

%Instead of the code of the conference paper [39], please see https://github.
com/zhongchengwu/code_TWDec, the journal version can actually adjust all
values of TW-ranks to 1 in MATLAB code.


https://github.com/zhongchengwu/code_TWDec
https://github.com/zhongchengwu/code_TWDec
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IV. LEARNING ALGORITHMS

To acquire the TW-format representation or approximation,
we develop two corresponding learning algorithms, including a
sequential singular value decomposition (SVD)-based one and
an alternating least squares (ALS)-based one, called TW-SVD
algorithm and TW-ALS algorithm, respectively.

A. TW-SVD Algorithm

Given an Nth-order tensor X € R71*12X-XIN and its pre-
defined TW-ranks, then the TW-SVD algorithm computes the
TW factors by N sequential singular value decompositions®.

More specifically, the tensor contraction-based representa-

tion of TW decomposition in formula (8) is

4 6 2N,1 2,4, 2N
X =01 X7 G2 X7 - X147 Gy X750y C. (13)

According to Property 3, when the contracted tensor modes
are suitably specified, model (13) can be reformatted by

(14)

. 4 6 2N —2 3,5, ,2N—1
where M1 = Go X7 G3 X7 -++ X7 On X550 N C.

Likewisely, the subwheel M can also be reformatted and
further unified into the recursive equation as follows,

M;ﬁ(l:kfl) = gk X?\}ill M;ﬁ(l:k)a k= 27 37 e aN - 1a
(15)
where M_i.y—1) = N x3; C. Following Definition 3, the
contraction-based (14)-(15) can be equivalently rewritten as

(16)

_ 1,3,4
X =61 XN71 Ny21 Mz,

Xc1s = (G1)2) (Mag1) (N 41,8+2,1:N):3]

and

(M#(lrk—l))[(1;1\r+2);2] = (Gr)[(1:0);2) (Msﬁ(l:k))[z;g]? )
where

T
(M;ﬁ(l:N—l)) [(1:N+2):3] — (GN)(B)C(N)> (18)

and vector z = (N + 2,1 : N + 1). Let the compact SVD of
X1~ in (16) be

.
v } , (19)

b
xae =0 w7 5|37
where U = %r,1,r, (X<1>), then the U and V' can
be designated as the (G1)e2) and (Mu1)((N41,N42,1:N):3]>

respectively. Afterwards, by sequentially applying the trun-
cated SVD to (M#(l:k_l))[(l:N+2);2], k=23,---,N—-1,

and (M(:n 1)) 112y e (Gr)iuaals (Gw)s), and
C( ~) can be obtained. Ultimately, the TW factors G, k =
1,2,---,N, and C, can be formed by the folding operators.
The TW-SVD algorithm is summarized in Algorithm 1.

Remark 2. From the requirements of the truncated SVDs, the
TW-ranks r is upper bounded, i.e., R1L1Rs < I; A vazz 1;,
LiRys1 < R ATy LR TT 2 Ly kb =2,3,-+ N —

3Typically, the sequence is closely related to the tensor contraction-based
representation of TW decomposition (e.g., that of Theorems 1-2). For different
representations, the TW-SVD algorithm can generate TW factors following
different sequences. Here, we design to sequentially yield G1, G2, -+, GN,
and C. The other cases can be similarly deduced.

1, and Ly < RNINRi A H;V;ll L. Interestingly, Proposition
I implies that when the given Ry and Ly, k = 1,2,--- | N,
violate the above inequalities, TW decomposition can still be
indirectly generated by the TW-SVD algorithm by adopting the
smaller Ry, and Ly, where R;, = Ry, —pi, L, = Li, — qi, and
Dk, @ € N. Therefore, the TW-ranks r in Algorithm 1 can be
freely given as long as Ry, > 1 and Ly > 1.

Proposition 1. Let TW[{Gy}Y_,;C] be the TW decomposition
of tensor X € RO X XIN " ywhepe G, € RIk X Tk XLk X R
k=12 N, and C € RLlXLQT'”XL’“X'”XLN. Assume
that for Yk, R, = Ry + pr and L, = Ly + qi, where
Pk, @ € N, and denote the factors Gy, C, Gi, and C by _C';,EO) S
5 5(4
szkaka€kx1:3k+l’ HO= RL1>iL2>i kaf ><LN’_ gl(C ) c
RRkXIkXLkXRk+1, and C_(N) c RleLQX“-XLkX-“XLN. When
G,gz), i=1,2,3,4, and CY, j =1,2,--- | N, are recursively
defined by

) ~(i—1)
and ~Gi—1)
. J—
(©),, - [(C . )u)] 7 @1

where O implies the all-zeros matrix with appropriate size,
the factors Gy, k = 1,2,--- N, and C satisfy X =
TWI{Gk}iZ1: €l

Theorem 5 (Approximation Error). Given an Nth-order
tensor X € RIXI2XXIN gnd jts predefined TW-ranks.
Assume that the factors G, € RIEWXDexXLexXBipa o —
1,2,---,N, and C € REvxL2xe-XLix-XLn gre gener-
ated by Algorithm 1. Then, the TW-format tensor, i.e.,
TWI{Gr}_1; Cl, satisfies

LATTN, I

2.

1=R1L1Ro+1

HX - TW[[{gk}{sV:ﬁCHHF < ‘72‘2 (X<1>)

Ry I A .
N ) 1.
H¢=k+1 IiRy Hj:l Lj

N-1
i Z Z o? ((M;A(lzk*l))[(l:N-&-?);?])
k=2 i=LpRpy1+1

RNINRAATT N L

+ by

i=Ln+1

022 ((Mi(IIN—l)) [(1:N+2);3])’

where My = FOld[(N+17N+2,1:N);3]((Gl)(TQ)X<1>)’

My = Foldg(Ga)((1.4y2) Mp(iin—1)) [(1.v 4 20:2)
k=23,---,N —1, and o;(-) indicates the i-th singular
value.

By Theorem 5, provided that || X —TW[{Gx}2_,;C]||» = 0,
the TW-SVD algorithm can more flexibly allocate each Ly,
k=1,2,--- N, e.g., the smallest-value collection {Lk}i\;l
with Ly = 1 can be assigned for Algorithm 1 without error.
Consequently, variable L in Remark | can be significantly
reduced compared with Tucker decomposition, thus relieving
the burden of exponential increases in parameter storage.
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Algorithm 1 TW-SVD.

Algorithm 2 TW-ALS.

Input: An Nth-order tensor X € RI1*/2XXIN " the prede-
fined TW-ranks r = (f{]_7 RQ, ce ,RN, L17 LQ, s 7L]\]),
and the permutation vector z = (N +2,1: N +1).

1: Trim Ry, and Ly, k=1,2,--- , N, to smaller R;, and Ly,
if the upper bounds for truncated SVDs are violated.
Generate the unfolding matrix X5 € RIXIT 1,
(G1)2) ¢ LR, LRy (X<1>).

(M1) [(N+41,N42,1:N);3] < (Gl)(TQ)X<1>~

for k=2to N —1do
(G2 Lo (Mear) (xs212))

end for

(GN)(T?,) — Ly E(M¢(1:N1)>[(1:N+2);3])'

Cwv) < (GN)(3) Mpt:v-1) ((1.x 2.8

11: Zero-pad G, k=1,2,--- N, and C to intended sizes.
Output: TW factors G, k=1,2,--- | N, and C.

R A i

4

B. TW-ALS Algorithm

Given an Nth-order tensor X € R71>12X-XIN and its pre-
defined TW-ranks, then the TW-ALS algorithm mainly aims
to optimize the latent TW factors Gg, £k =1,2,--- , N, and C
such that a relative error between X and TW[{Gy }_;C] is
minimum, i.e.,

min

6 o ¢ 1% - TWI{Gr} i1 Clll -

(22)
Based on Theorem 3, the minimization problem (22) can
be arguably optimized under the ALS framework by al-
ternatively solving N + 1 least-squares subproblems, i.e.,
minG,) ., [ X<k> = (Gr) @) Mzp) ) lrs b =1,2,--- N,
and mine . v, o [Xj1:vyi0) = €laanio) Nze)pin [l 7 Com-
pared to formula (10), since we utilize the simplest case with-
out permutation for updating C, X[(1.n);0] and €(1.n);0 imply
Xl[1(1:N);O] apd 6’[1(1:1\/);0] thh n= (1,.2, e ,N), respectively.
The numerical procedure is detailed in Algorithm 2.

V. NUMERICAL APPLICATION TO COMPLETION

To validate the rationality and superiority of TW decompo-
sition, we employ it to one classical tensor recovery problem,
i.e., tensor completion (TC), whose objective is recovering the
missing entries from a partially observed tensor, then formu-
lating a TW decomposition-based TC (TW-TC) model. The
proposed TW-TC method is committed to exploring latent TW
factors from the partially observed tensor, then predicting the
missing entries using these constructed factors. This essentially
evaluates the potential capability of TW decomposition to
characterize the high-order tensors.

A. Model and Algorithm

Given a partially observed tensor F € R/1x/2XXIN af Jo-
cationset Q@ C {1,--- , 1} x{1,--- , Lo} x---x{1,--- ,In},
then the proposed TW-TC model formally aims to identify
an optimum-TW-ranks approximation X ¢ RIx2xXIn

(M#(lrk))[z;g] = (Gk)EE1:4);2] (M¢(1:k—1))[(1:N+2);2]'

Input: An Nth-order tensor X € RI1x[2XXIN ' the manu-
ally given TW-ranks 7, and the threshold € > 0.
Initialization: The randomized G, € RIx*IeXLexBit1 | —
1,2,---, N, and the randomized C € RE1*L2x-xLn
1: while not converged do
2 Record the last-update result: 7 < TW[{Gy}2_,;C].
3: for k=1to N do
4: Determine the subwheel tensor M, and vector
u by Theorem 3.

5: (Gi)(2) < argmin [ X g — (Gg) 2) Mk [u;3) | F-
(Gk)(2)
end for
Determine the subwheel tensor Nc and vector v by
Theorem 3.
8: Cl(1:N);0] < arg min ||Xq(1.3y;0]

C[(1:N);0]
—cj1:3):0)(Nze) vl -
9: Check the convergence criterion:
ITWH{Gr}oy: Cl = TIIF/IITF <e.
10: end while
Output: TW factors G, k=1,2,--- , N, and C.

of the tensor F. Mathematically, the TW-TC model can be
formulated as the unconstrained problem as follows,

1
i ZlxX = TW N Cll? X) 23
PO 2|| [{Gk b e=1; CllIE + (X)) (23)

with

X e{L: Pq(L) = Pa(F)};

. (24)
otherwise,

where P (-) is a projection function keeping the entries in
while forcing all the others to zeros.

Obviously, the object function in (23) is not jointly but
independently convex for all optimization variables. Thus,
we develop a proximal alternating minimization (PAM) [45]
based algorithm to alternately and recursively optimize each
variable, leading to the following constructive procedure for
k=1,2,--- N,

G e argmin { )16 — 9|

Gk
1 1
+ 10 WIS, G, 01 COTIE
1
¢+ ¢ argmin {§||X(t) - TW[[gﬁJ—Cl);C]]”QF
c (25)
+2lle - cO)E},

1
XU+ ¢ arg min {§||X - TW[[Q&EI);C(HU]]H%
X

P
+ Ll = 2O + (2

where p > 0 is a proximal parameter. Following Theorem 3
again, each univariate minimization problem in formula (25)
can certainly be reduced to a linear least-squares problem.
More specifically,
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1) Updating Gy, k = 1,2,--- , N: The unfolding form of
the Gy-subproblem can be given by

t+1 . P t
(G )z € angmin {£]1(Gi) o) — (G ) I}
(Gr)(2)

]. (t)
+ oy X

<k>

(26)
~ (GR)e) MBI},

where M;L and u are obtained by relying upon Theorem 3.
Then, we have the following closed-form solution

1
G = Foldp) { (XU MU sy + (G 2)

-1
((Mzi)[uﬁ] (Mgc);,s] + PI) }

2) Updating C: Similarly, the C-subproblem can be rewritten

27)

as

e+ . P
Cl(1:N);0) € I8 mln{§||0[(1:1v);o] —cC

(t) 2
(ol 7
C[(1:N);0]

(28)
mll .

where N;tc) and v are determined by Theorem 3. The above
problem has a minimum solution, appearing as

cG+1) —

(* 0 (®
P10 (%{(Ly.0) (NS o) + P{{Liny)
1
(NG2) by (NS ) pony + 2D) }

3) Updating X: The X-subproblem also reduces to a least-
squares problem, thus yielding the closed-form solution

X(t+1) _

TW[[{G t+1)}é\f 5 C(t+1)ﬂ +pX(t)) N
1+p

where ()¢ indicates the complementary set of 2.

In numerical TC experiments, the variable C typically tends
to be stable when it exceeds 200 iterations (see Fig. 4).
Therefore, we utilize the modulo operation with a step size
to intermittently update C after 200 iterations, aiming to save
computing resources. The PAM-based solving procedure for
the developed TW-TC model is summarized in Algorithm 3.

L ® ®
+ 5l ny0) — €m0 (Noe )

(29)

(30)

P ( Pa(F),

B. Computational Complexity Analysis

For Algorithm 3, the computational complexity is mainly
involved in updating {Gx}7_,, C, and X which concretely
are O(3 1 V(BeRo(Nyh—1,N) HN 119(] N) I L) +
Zk 1 ZNJrk]j-lQ(RkR’&(%N)Rﬁ(i-‘rLN) IT—k Lot Lo )+
Zk V(R Ry(Nk— 1N)L19(N+k 1,N) Hl I;) +
Zk VBRRS vy LS v 1N)H e Iygny)  +
Zk 1(Rqu9(N+k 1N)L (N+k—1,N)))’ O(LL, LI} +
z YRiRiRi1 [T LiLj) + Ry valflLl +
Hl | L3) and O(Z “(RiRiRi41 [[j=, L)+
RiRy lel LL), respectlvely. Consequently, the overall
computational complexity for each nonintermittent iteration
(e, t € {t:0 <t <200 or mod(t,s) = 0}) in Algorithm 3
s O (ReBovrk-1,m TS Lo TLy Lo) +

Algorithm 3 The PAM-Based Solver for TW-TC Model.

Input: The observed tensor F € Rt *12XXIn "the Jocation
set ), the TW-ranks r, the step size s = 20, p = 1071,
tmax = 1000, and € = 107°.

Initialization: The iteration step ¢t = 0, X(© = F, the
randomized gff) € RExxDexLexResr | =12 ... N,
and the randomized C(®) € RL1xLax- XL

1: while not converged and t < tpax do

2 Update G/, k=1,2,---, N, by 27).

3 if ¢ > 200 and mod(t, s) # 0 then

4: ct+1) — @)

5: else

6

7

8

9

Update C**1) by (29).

end if

Update X1 by (30).

Check the convergence criterion:

J2ED — X O p/[XO 5 < e.

10: t+1t+1.
11: end while
Output: The recovered tensor X € Rt x 12X xIn

Zivzl Sl (ReRog.n Rogiin T Tog, M Lo, )+
Zk 1(RkR19(N+k71 N)Lﬁ(NJrk 1,N) Hz 1 Iz +Hz LG+
iy (R2R2 SN -1 LS (N h—1,8) HJ: ‘LGN A+
Zk:l(RzRﬁ(NJrkfl,N)L19(N+k71,N)) + R1Rn Hz]\; IiLy +
Hl]\;l L3?). In the above expressions, ¥(k,€) is an indicator
function that returns k for 1 < k < e but mod(k, ¢) for k > e.
Assume that R, = R and I, > R2V N, k = 1,2,---,N,
then the total computatlonal complexit y of Algorithm 3 can
be simplified as O(R2 [[o_, InLi + 1oy InL2 +T1h-, L}).
Akin to the storage complexity in Remark 1, although the
computational complexity also increases exponentially with
dimensionality IV, a smaller-value collection {Lj}i_, can be
intentionally followed to alleviate the computational burden,
thus facilitating the applicability of TW decomposition for
higher-order and larger-scale tensor recovery tasks.

C. Convergence Analysis

This section consists in theoretically proving the conver-
gence of Algorithm 3. For brevity, we employ Z and ®(Z2)
to denote the (X, G1.n,C) and the objective function in (23),
respectively. The main results are explicated as follows.

Lemma 1. The ®(Z2) is a Kurdyka-Lojasiewicz (KL) function.

Lemma 2. Let {ZW},cy be the sequence generated by
Algorithm 3. Then, the sequence {®(Z")Y,cy sufficiently
decreases, ie, ®(ZW) — o2ty > p/2||20t+D —

O3, where 2 — ZOE = XD 20|
zk G =G 1% + ety

— e,
Lemma 3. Let {ZW},cy be the sequence generated by
Algorithm 3. Then, there exists ||0®(ZUFV)|p < (Lo +
(N + 2)p)|[| 2+ — ZM)||p, where Lg is the sum of the
Lipschitz constants of 0g,®(Z) and 0cP(Z), ie, Ly =
N
Zk:l Lgk + LC'
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Fig. 4. The Frobenius norm of TW factors (i.e., G1, G2, G3, and C)
against the iteration when the PAM-based TW-TC algorithm is performed
over 1000 third-order synthetic tensors. The (a), (b), (c), and (d) illustrate
the fluctuations of Frobenius norm when the sampling rate is 5%, 10%,
20%, and 40%, respectively. Furthermore, the (e), (f), (g), and (h) present
the closeups regarding factor C in (a), (b), (c), and (d), respectively. The
experimental tensors, whose sizes are 60 x 60 X 60 and Tucker-ranks are
(6,6,6), are synthesized in Tucker format by using Tucker factors sampled
from the uniform distribution U (0, 1) for 1000 different seeds.

Lemma 4. Let {ZM},cy be the sequence generated by
Algorithm 3, then it is bounded.

According to the finite length property (see [46, Theorem
1]), since Lemmas 1-4 are satisfied, the convergence guarantee
of Algorithm 3 can be similarly established in Theorem 6.

Theorem 6 (Local Convergence). Let {ZM)},cy be the
sequence generated by Algorithm 3, then it globally converges
to a critical point (i.e., local minimum point) of ®(Z).

VI. NUMERICAL EXPERIMENTS

In this section, we design substantial numerical experiments
on synthetic and real-world data to verify the superiority of

A. Synthetic Data Experiments

To testify the superiority of TW decomposition compared
with four related tensor decompositions, i.e., TT [28], TR
[29], FCTN [32], and Tucker [15] ones, we firstly conduct the
numerical experiments on synthetic tensor data by horizontally
comparing five PAM-based TC algorithms, i.e., TT-TC (PAM),
TR-TC (PAM), FCTN-TC (PAM), Tucker-TC (PAM), and
TW-TC (PAM) ones. Since the Tucker factors comprise an
underlying high-order structure, which may be closer to reality,
we construct the synthetic tensor &, € R11*12XXIN by the
Nth-order Tucker decomposition using Tucker factors sampled
from the uniform distribution U(0,1). Mainly, the synthetic
Tucker-format data includes two types, i.e.,

e Low-Tucker-rank simulation (LTS): The LTS consists of
125 third-order, 144 fourth-order, 108 fifth-order, and
144 sixth-order tensors, whose sizes are {I; x Iy X I3 :
11,12,13 S {40,45,50,55,60}}, {Il X IQ X 13 X I4 :
I, Is € {14,16,18,20},15,14 € {16,18,20}}, {I1 x
IoxI3xIyxTs: 11, I3, I5 € {6,8,10}, I, Iy € {8,10}},
and {Il XIoxIgx Iy xIsxlg: 11,14 € {3,4,5},[2,[5 €
{3,4},I3,Is € {4,5}}, respectively. The corresponding
Tucker-ranks are (5,5,5), (3,3,3,3), (2,2,2,2,2), and
(2,2,2,2,2,2), respectively.
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Fig. 5. Recovery performance (i.e., Log;o(RSE)) against computing cost (i.e., Log;y(Time/s)) on LTS. The TT-TC, TR-TC, FCTN-TC, Tucker-TC, and
TW-TC methods are evaluated under 12 different cases. The first column: 125 third-order tensor experiments with SR = 5%, 10%, and 20%; The second
column: 144 fourth-order tensor experiments with SR = 5%, 10%, and 20%; The third column: 108 fifth-order tensor experiments with SR = 5%, 10%,
and 20%; The fourth column: 144 sixth-order tensor experiments with SR = 5%, 10%, and 20%. The smaller Log;,(RSE) value implies higher accuracy.

TABLE II
QUALITY METRICS AND AVERAGE COMPUTATIONAL TIMES (/S: SECONDS) OF ALL COMPARED METHODS UNDER DIFFERENT SRS FOR MSIS. THE
MPSNR AND MSSIM ARE THE AVERAGES OF 31 INDEPENDENT MSI EXPERIMENTS. (BOLD: BEST; UNDERLINE: SECOND BEST)

Method SR = 0.1% SR = 0.5% SR = 1% SR = 5% SR = 10% SR = 20% SR=40% ..
MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM
Observed 1607 0209 1609 0212 1611 0217 1629 0249 1653 0286 17.04 0354 1829 0473 -
HaLRTC [47] 1607 0209 1609 0213 1631 0267 2563 0767 3023 0854 3547 0930 4232 0979 876
t-SVD [48] 1609 0220 1653 0341 1764 0394 2511 0.608 3514 0908 4054 0963 4765 0990 31.31
TMacTT [37] 1605 0204 1582 0277 2261 0539 2564 0705 3292 0876 3522 0927 4371 0977 193.32
LRTFR [49] 1940 0347 2246 0382  25.18 0.592 34.54 0.846 40.64 0954 4490 0984 4845 0992  9.16
RR-FBTC [S0] 17.90 0332 2139 0481 25.12 0.646 3277 0.846 3423 0869 3546 0887 36.16 0.896 569.26
TT-TC 17.17 0347 2075 0467 2298 0540 2801 0749 3294 0869 3559 0917 4726 0981 72.23
TR-TC 1685 0325 19.68 0431 2280 0523 31.02 0820 3554 0904 4178 0964 4952 0986 64.29
FCTN-TC 1689 0326 1973 0430 2239 0503 30.84 0.814 3556 0908 4152 0963  49.93 0.988 60.00
TW-TC 19.59 0401 2327 0504 2586 0.606 3422 0877 39.89 0951 46.83 0986 5533 0997 189.98

e High-Tucker-rank simulation (HTS): The HTS adopts the

identical tensor configurations with that in LTS. The
only difference is that the Tucker-ranks are increased to
(10,10, 10), (6,6,6,6), (4,4,4,4,4), and (4,4,4,4,4, 4).

All synthetic data are numerically renormalized into the
interval [0, 1]. Subsequently, the partially observed tensors
are generated by random sampling with three sampling rates
(SRs): 5%, 10%, and 20%. The performance is assessed by
the residual standard error (RSE), i.e., [|X — X.||r/|| X F,

where X is the recovered tensor.

1) Result analysis: The RSE values and computing times

on LTS and HTS under various SRs are depicted in Fig. 5 and
Fig. 6, respectively. Compared with the TT-TC, TR-TC, and
FCTN-TC models, the TW-TC method statistically achieves
the optimal RSE values for 93.51% of all experiments by using
competitive computing costs, which evidently demonstrates
the advantageability of TW decomposition. Furthermore, when
compared with the Tucker-TC model, the TW-TC model ac-
quires higher recovery accuracy for 91.62% of the experiments
and RSE stability (i.e., smaller discretization), even if the
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Fig. 6. Recovery performance (i.e., Log;,(RSE)) against computing cost (i.e., Log;(Time/s)) on HTS. The TT-TC, TR-TC, FCTN-TC, Tucker-TC, and
TW-TC methods are evaluated under 12 different cases. The first column: 125 third-order tensor experiments with SR = 5%, 10%, and 20%; The second
column: 144 fourth-order tensor experiments with SR = 5%, 10%, and 20%; The third column: 108 fifth-order tensor experiments with SR = 5%, 10%,
and 20%; The fourth column: 144 sixth-order tensor experiments with SR = 5%, 10%, and 20%. The smaller Log,,(RSE) value implies higher accuracy.
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Fig. 7. Storage parameters of the TT-TC, TR-TC, FCTN-TC, Tucker-TC, and TW-TC models on LTS and HTS for (a) third-order, (b) fourth-order, (c)
fifth-order, and (d) sixth-order tensor experiments with SR = 5%, 10%, and 20%. Each plotted point in (a), (b), (c), and (d) represents the Ave. + Std. of
the storage parameters for 125 third-order, 144 fourth-order, 108 fifth-order, and 144 sixth-order independent tensor experiments, respectively.

experimental data is synthesized in Tucker format. Especially,
the TW-TC model exhibits higher computing efficiency over
the Tucker-TC model, which implies that TW decomposi-
tion really alleviates the curse of computational burden, thus

achieving greater applicability than Tucker decomposition.

From a comparative perspective, the TW-TC model typi-
cally realizes the more significant performance for HTS (e.g.,

to reconstruct the underlying high-order tensors under more
challenging recovery conditions. Moreover, benefiting from
the terrific rank flexibility of TW topology, the TW-TC model
also exemplifies the relatively faster computation for HTS

(e.g., see Fig. 5(g) versus Fig. 6(g)), higher SRs (e.g., see
Fig. 5(b) versus Fig. 5(c)), and higher-order tensors (e.g., see

see Fig. 5(a) versus Fig. 6(a)), lower SRs (e.g., see Fig. 5(d)
versus Fig. 5(e)), and higher-order tensors (e.g., see Fig. 5(a)

versus Fig. 5(d)), which prominently validates the superior
characterization ability of TW decomposition, making it easier

Fig. 5(g) versus Fig. 5(j)). This experimentally supports the
previous theoretical analysis of TW decomposition.

Notably, for Nth-order (N > 4) synthetic tensor experi-

ments, the FCTN-TC model consistently yields small optimal
rank configurations, thus showing lower computational times
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11.17/0.251 21.40/0.694 27.26/0.812 27.68/0.773 31.00/0.840 28.94/0.811 28.68/0.800 29.63/0.821 29.35/0.810 32.05/0.880 MPSNR/MSSIM

17.08/0.427 28.37/0.804 31.94/0.835 33.58/0.833 39.15/0.935 32.49/0.804 33.53/0.827 35.32/0.867 35.95/0.880 38.81/0.938 MPSNR/MSSIM

14.70/0.305 29.87/0.905 35.84/0.942 36.43/0.918 41.79/0.974 31.27/0.838 38.40/0.951 41.02/0.971 41.33/0.973 44.11/0.982 MPSNR/MSSIM

Observed HaLRTC [47] t-SVD [48] TMacTT [37] LRTFR [49] RR-FBTC [50] TT-TC TR-TC FCTN-TC TW-TC Ground-truth

Fig. 8. Visualization of the recovered results on third-order MSIs. From top to bottom: the visual compositions (31-th, 20-th, and 10-th spectral bands as R,
G, and B channels, respectively) and residual images for MSI 7oy (SR = 5%), Flowers (SR = 10%), and Feathers (SR = 20%), sequentially.

TABLE III
QUALITY METRICS AND AVERAGE COMPUTATIONAL TIMES (/S: SECONDS) OF ALL COMPARED METHODS UNDER DIFFERENT SRS FOR CVs. THE
MPSNR AND MSSIM ARE THE AVERAGES OF 10 INDEPENDENT CV EXPERIMENTS. (BOLD: BEST; UNDERLINE: SECOND BEST)

Method SR =0.1% SR =0.5% SR = 1% SR = 5% SR = 10% SR = 20% SR = 40% Time/s

MPSNR MSSIM  MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM )
Observed 6.39  0.002 6.41  0.003 6.43  0.005 6.61  0.014 6.84  0.022 7.35  0.038 8.60  0.073 -
HaLRTC [47] 6.39  0.002 6.42  0.005 6.56  0.020 18.48  0.531 2225 0.660 26.35 0.804 31.66  0.922 7.02
t-SVD [48] 6.46  0.011 7.63  0.057 10.78  0.134 28.79  0.821 31.73  0.883 3481 0931 38779 0969 2599

TMacTT [37] 6.37  0.002 16.65 0.291 19.74  0.431 26.13  0.746 30.38  0.859 33.19 0914 3573 0.948 134.49
LRTFR [49] 1592 0.143 21.17  0.504 22.79  0.545 30.29 0.834 33.41  0.900 36.13  0.945 37.78  0.961 7.56
RR-FBTC [50] 1091 0.162 18.43  0.503 19.86  0.499 25.62 0.730 26.10 0.744 27.92  0.796 29.06 0.824 457.37

TT-TC 9.61  0.069 17.14  0.283 20.70  0.469 2421 0.694 29.81 0.844 3275  0.906 3491 0939 61.34

TR-TC 9.15  0.054 1549 0.186 20.11 0411 28.62  0.802 32.07 0.883 35.15  0.924 39.74 0970 166.93

FCTN-TC 7.89  0.034 14.38  0.150 19.24  0.375 27.99 0.765 3245 0.884 36.33  0.941 40.06 0.974 314.56

TW-TC 16.48  0.272 20.33 0411 2292 0.562 30.13  0.872 33.77 0913 37.08 0.953 4042 0976 330.58
TABLE IV

QUALITY METRICS AND AVERAGE COMPUTATIONAL TIMES (/M: MINUTES)
OF ALL COMPARED METHODS FOR HSV UNDER THREE SRS: 0.1%, 0.5%,

9.91/0.005  13.03/0.112 12.31/0.086 12.41/0.088 13.56/0.146 19.46/0.446 AND 1%. (BOLD: BEST; UNDERLINE: SECOND BEST)

SR =0.1% SR = 0.5% SR = 1% Time
MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM  /m

Observed 974 0001 976 0.003 9.78 0.004 -
HaLRTC [471 974 0001 977 0.003 982 0.007 0.10
-SVD [48] 974 0001 1280 0.165 18.19 0451 0.67
TMacTT [37] 7.86 0.003  22.68 0.577 2597 0.734 12.34
LRTER [49]  17.68 0294 21.57 0.594 2672 0.801 0.16
RR-FBTC [50] 974 0001 21.06 0502 2275 0612 3.70
TT-TC 1420 0.186 2063 0479 2558 0723 251
TR-TC 13.94  0.164 2094 0479 2546 0710 2.62
FCTN-TC  12.85 0098 1993 0376 2407 0.643 2.65
Tucker-TC ~ 14.68 0211 21.65 0524 2382 0.626 70.54
TW-TC 19.72 0383 2538 0.697 2857 0828 223

Method

9.93/0.008  19.11/0.400 18.97/0.368 18.33/0.348 21.02/0.538  25.47/0.677

9.95/0.010  25.31/0.680 23.34/0.617 23.05/0.608 25.33/0.733  29.36/0.798

Observed TT-TC TR-TC FCTN-TC Tucker-TC TW-TC
Fig. 9. Recovery performance of the TI-TC, TR-TC, FCTN-TC, Tucker-  yer the other methods. Instead of the real-world data, the
TC, and TW-TC models on MSI Beers. From top to bottom: SRs are 0.1%, R o
0.5%, and 1%, respectively. The (31, 20, 10)-th bands are applied for RGB ~ Synthetic data reflects the more random and unpredictable
rendering, and the MPSNR/MSSIM is appended. The average computational ~ characteristics, in which not all non-adjacent dimensions have
times of TT-TC, TR-TC, FCTN-TC, Tucker-TC, and TW-TC are 44.88, 47.63. 3 (jrect relationship, thus leading to the authentic TN ranks
42.14, 215.81, and 95.72 seconds, respectively. . X . .

between some non-adjacent factors being 1 (i.e., without con-
nection). However, to maintain the fully-connected topology,
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7.11/0.015 16.68/0.509 31.97/0.911 29.62/0.847 33.82/0.921 26.73/0.767 29.64/0.836 31.90/0.890 31.87/0.876 33.54/0.926 MPSNR/MSSIM
5.92/0.016 21.13/0.677 34.39/0.947 33.15/0.920 35.89/0.952 26.18/0.804 31.27/0.902 35.49/0.949 35.72/0.950 36.95/0.962 MPSNR/MSSIM
5.34/0.022 24.92/0.842 35.53/0.964 34.50/0.955 37.05/0.967 27.40/0.854 33.76/0.945 37.23/0.962 37.98/0.975 38.51/0.980 MPSNR/MSSIM
Observed HaLRTC [47] t-SVD [48] TMacTT [37] LRTFR [49] RR-FBTC [50] TT-TC TR-TC FCTN-TC TW-TC Ground-truth

Fig. 10. Visualization of the recovered results on fourth-order CVs. From top to bottom: the visual compositions and residual images for CV Akiyo (SR = 5%,
11-th frame), Hall (SR = 10%, 18-th frame), and Container (SR = 20%, 11-th frame), sequentially.

9.78/0.004 9.82/0.007 18.19/0.451 25.97/0.734
Observed HaLRTC [47] t-SVD [48] TMacTT [37]
26.72/0.801 22.75/0.612 25.58/0.723 25.46/0.710
LRTFR [49] RR-FBTC [50] TT-TC TR-TC
24.07/0.643 23.82/0.626 28.57/0.828 MPSNR/MSSIM
FCTN-TC Tucker-TC TW-TC Ground-truth
Fig. 11. Recovery performance of all competing methods on HSV when

SR = 1%. The (20, 15, 10)-th spectral bands of the 11-th frame are used for
RGB rendering, and the notable regions are highlighted.

the minimum values of the configured FCTN-ranks among
several non-adjacent factors are 2 rather than 1, which in-
evitably reduces the performance of the FCTN-TC model
for possible overfitting. Accordingly, the FCTN-TC model
performs inferiorly to the TT-TC and TR-TC methods, despite
its more TN topological connections. In particular, when
applied to higher-order tensors, the number of ineffective
structures in FCTN topology also grows nearly quadratically,
resulting in a progressively more significant RSE gap between
the FCTN-TC and other methods (e.g., see Fig. 5(h) versus
Fig. 5(k)). Nevertheless, the TW-TC model is barely affected,
even though TW decomposition has more TN topological
connections than FCTN one under Nth-order (N < 4) cases,
which corroborates the validity of TW topology. Regarding
the topological analysis, further investigations are presented
in Section VI-A3.

TABLE V
QUALITY METRICS AND AVERAGE COMPUTATIONAL TIMES (/M: MINUTES)
OF ALL COMPARED METHODS UNDER DIFFERENT SRS FOR LFIs. THE
MPSNR AND MSSIM ARE THE AVERAGES OF 10 INDEPENDENT LFI
EXPERIMENTS. (BOLD: BEST; UNDERLINE: SECOND BEST)

Method SR =0.1% SR = 0.5% SR = 1% Time
MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM /m
Observed 8.79  0.053 8.80  0.055 8.82  0.059 -
HaLRTC [47] 879  0.053 8.81  0.059 8.87 0.075 0.08
t-SVD [48] 8.79  0.053 8.80 0.055 1033 0216 0.16
TMacTT [37] 8.76  0.049 11.10 0.134 17.86 0408 3.12
LRTFR [49] 12.79 0.118 17.00 0371 17.83 0.380 0.13
RR-FBTC [50] 878 0.052 11.10 0.137 1197 0.174 1.37
TT-TC 10.87 0.133 1520 0.239 17.67 0.385 1.17
TR-TC 10.51  0.117 14.84  0.225 17.25 0341 1.31
FCTN-TC 9.17 0.081 11.31 0.107 14.04 0.186 5.01
Tucker-TC 11.25 0.144 1505 0260 1736 0379 26.68
TW-TC 1513 0245 1790 0.366 19.72 0490 2.37
Method SR = 5% SR = 10% SR =20%  Time
MPSNR MSSIM MPSNR MSSIM MPSNR MSSIM /m
Observed 9.00 0.083 9.24  0.113 9.75  0.173 -
HaLRTC [47] 11.09 0.313 16.54 0.508 20.88 0.689 0.18
t-SVD [48] 20.22 0538 2432 0747 2771 0849 0.33
TMacTT [37] 2198 0.627 23.85 0.720 25.83 0.803 2.88
LRTFR [49] 21.72  0.645 26.19 0.783 2923 0.854 0.13
RR-FBTC [50] 13.93 0247 1571 0346 1751 0421 1.70
TT-TC 2156  0.606 2379 0.718 2591 0.798 3.34
TR-TC 2286 0.643 2621 0.774 2953 0.873 6.83
FCTN-TC 23.19 0.647 2648 0.772 29.96 0.873 44.29
TW-TC 2423 0.723 27.34  0.809 30.65 0.891 30.08

2) Storage parameter comparison: For each experimental
case, e.g., (LTS, third order, SR = 5%), the hyper—parameters4
of five decomposition-based models, i.e., the TT-ranks, TR-
ranks, FCTN-ranks, Tucker-ranks, and TW-ranks, are de-
termined by respectively rounding the average of the fine-
tuned rank collections on three randomly selected experiments.
Afterwards, the storage parameters of all models can be com-
puted by tensor sizes and ranks, e.g., O(Eszl Ryl Ly Ry1+

“Here only the tensor ranks are considered as the hyper-parameters, since
p = 1071 is uniformly designated in advance.
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7.30/0.059 10.99/0.204 26.86/0.835 25.48/0.723 28.54/0.877 18.28/0.476 24.96/0.701 27.59/0.812 27.80/0.811 29.16/0.868 MPSNR/MSSIM
5.42/0.120 15.36/0.411 24.36/0.772 23.38/0.682 27.82/0.841 18.32/0.456 23.91/0.712 27.14/0.797 27.73/0.808 29.02/0.842 MPSNR/MSSIM
5.74/0.091 21.21/0.762 28.67/0.926 26.76/0.893 31.50/0.949 18.65/0.647 27.04/0.889 30.84/0.942 31.20/0.943 32.26/0.957 MPSNR/MSSIM
Observed HaLRTC [47] t-SVD [48] TMacTT [37] LRTFR [49] RR-FBTC [50] TT-TC TR-TC FCTN-TC TW-TC Ground-truth

Fig. 12. Visualization of the recovered results on fifth-order LFIs. From top to bottom: the visual compositions and residual images for LFI Chess (SR = 5%,
(4, 4)-th grid), Bracelet (SR = 10%, (4, 4)-th grid), and Gantry Self Portrait (SR = 20%, (4, 4)-th grid), sequentially.

7.12/0.047 7.18/0.062 8.83/0.097 20.63/0.469
L]
Observed HaLRTC [47] t-SVD [48] TMacTT [37]
23.24/0.652 15.72/0.401 20.44/0.454 20.22/0.420
]
1
LRTFR [49] RR-FBTC [50] TT-TC TR-TC
16.11/0.195 19.99/0.476 23.69/0.647 MPSNR/MSSIM
FCTN-TC Tucker-TC TW-TC Ground-truth

Fig. 13. Recovery performance of all competing methods on LFI Chess when
SR = 1%. The (4, 4)-th grid of all recovered images is adopted for visual
presentation, and the notable regions are highlighted.

Hszl L) of TW decomposition.

To clearly understand the model complexity, Fig. 7 provides
the storage parameters of all models on both LTS and HTS
with 5%, 10%, and 20% SRs. According to Fig. 7(a)-(d), the
TW-TC model requires gradually fewer storage parameters
than other models under varying SRs as the tensor order
increases, thus validating that TW decomposition can avoid
the potential impact of exponentially growing storage burden
in practical tensor recovery applications.

More significantly, although the storage parameters of the
TW-TC model exceed those of the Tucker-TC model for
Nth-order (N < 4) cases, the TW-TC model is remarkably
more computationally efficient than the Tucker-TC model, e.g.,
105 ~ 102 times faster on both LTS and HTS, with SR being
20%. This results from the flexible TW-ranks allocation of TW
decomposition for sets {R;}&_, and {L;}_,, as described
in the computational complexity analysis.

3) Topology reliability: For tensor completion problem,
TW decomposition is intrinsically utilized as the predictor or
inferrer, whose topology uniquely determines the characteriza-
tion or fitting capability. Instead of tensor compression, tensor

completion obtains optimal performance only by employing
the appropriate TN ranks, which reflect the actual effective
TN structures.

Relying upon the optimal TW-ranks in synthetic data experi-
ments, Table I statistics the actual topological structures of TW
decomposition, including 7 wheel topologies and 17 subwheel
topologies with few eliminations (i.e., few Rj/L; being 1 in
TW-ranks). According to Table I, the subwheel topologies do
not include any of the TT, TR, and Tucker topologies, implying
that the latter are not the optimal TN structures. That is why
the TW-TC model always performs better than the TT-TC,
TR-TC, and Tucker-TC models.

Moreover, Table I further provides the wheel-forced loss
rate® (WFLR), which indicates the RSE loss rate of the
TW-TC model when the complete-shape wheel topology is
forcefully required (i.e., Ry, Ly > 2, k = 1,2,--- ,N). The
lower WFLR means that TW topology can already achieve
almost optimal performance without overly relying upon its
subwheel topologies, which signifies the higher validity and
anti-overfitting of TW topology. From Table I, the WFLRs of
all subwheel topologies are lower than 4.50%, thus proving
the rationality and reliability of TW topology.

B. Real-World Data Experiments

Furthermore, we investigate the TW-TC method on real-
world data experiments by comparing it with several re-
lated methods, including HaLRTC [47], t-SVD [48], TMacTT
[37], LRTFR [49], RR-FBTC [50], TT-TC (PAM), TR-TC
(PAM), FCTN-TC (PAM), and Tucker-TC (PAM)°. All hyper-
parameters involved in these competitors are optimally as-
signed or finely tuned within a specific range suggested by the
reference papers. The real-world data mainly comprises three
types, i.e., third-order multispectral images (MSIs), fourth-
order videos, and fifth-order light field images (LFIs). Analo-

gously, all experimental data are prenormalized into the inter-
5The WFLR is defined by Loglﬂ(iiEgl)z}{“Soé“))(RSEz), where RSE; and
RSE> are the optimal RSE values of "the T1\7V-TC model by imposing
Ry,L; >1and Ri,L; > 2, k=1,2,---, N, respectively.
6Since the Tucker-TC model is computationally consumptive, we only
perform it on partial experiments under lower SRs, e.g., 0.1%.
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val [0, 1]. The peak signal-to-noise ratio (PSNR) and structural
similarity (SSIM) [51] metrics are employed for quantitative
evaluation. When applied to Nth-order (N > 3) data, the
means of PSNRs and SSIMs across the latter N —2 dimensions
are measured, termed MPSNR and MSSIM, respectively.
Regarding the TW-ranks, R and Ly, k = 1,2,--- N, are
firstly initialized to 1 for all experiments. Subsequently, with
the objective of maximizing the MPSNR, a block-wise grid
search is performed sequentially and respectively on { Rk},ivzl
and {Lj}1_,, yielding the final values of TW-ranks.

1) MSI data experiments: The tested MSI data consists of
31 MSIs sized 256 x 256 x 31 (i.e., height x width x spectral),
which are resized from the CAVE dataset’. The partially
observed tensors are generated by random sampling with
SR = 0.1%, 0.5%, 1%, 5%, 10%, 20%, and 40%. Numerically,
Table II reports the average values of MPSNR and MSSIM
for 31 MSIs under various SRs and the average computing
costs (/s: seconds) of all compared methods. Moreover, Fig.
8 presents the visual performances of partial MSIs (i.e., Toy,
Flowers, and Feathers) when SR = 5%, 10%, and 20%. From
the quantitative and qualitative results, we observe that the
TW-TC model notably achieves higher MPSNR and MSSIM
values and better visual reconstruction than the others, even
the deep learning-based LRTFR method, under most SRs.

Considering the expensive computational burden of the
Tucker-TC model, we further include the Tucker-TC model for
comparison under only extremely low SRs (i.e., 0.1%, 0.5%,
and 1%). From Fig. 9, the TW-TC model manifestly realizes
a relatively finer recovery, while all other competing methods
can hardly capture the inherent features especially visually
invalid when SR = 0.1%, confirming the effectiveness of TW
decomposition for real-world third-order data.

2) Video data experiments: The tested video data con-
tains 10 color videos® (CVs) and one hyperspectral video’
(HSV) [52]. The former is of size 144 x 176 x 3 x 20 (i.e.,
height x width x spectral x frame), and the latter is of size
60 x 94 x 20 x 20 (i.e., height x width X spectral x frame).
When tested on all CVs, we also empirically exclude the
Tucker-TC model from the comparison for its unaffordable
time consumption. Identically to the MSI experiments, the SRs
in the CV experiments are designated as 0.1%, 0.5%, 1%, 5%,
10%, 20%, and 40%. The numerical results of all compared
methods under all SR levels are tabulated in Table III. Also, the
graphical results on CV Akiyo, Hall, and Container, with SR
respectively being 5%, 10%, and 20%, are exhibited in Fig. 10.
From the results, the TW-TC method invariably contributes the
near-optimal metrics, particularly under lower SRs (e.g., 6 ~ 9
dB gain of MPSNR compared to traditional TN decomposition
methods when SR = 0.1%), and the recovered images are
closest to the ground truths over most other comparators.

Furthermore, we compare the TW-TC method with the other
comparators (including the Tucker-TC) on HSV data under
three SRs, i.e., 0.1%, 0.5%, and 1%. The experimental metrics
are provided in Table IV, and the recovered images using

https://www.cs.columbia.edu/CAVE/databases/multispectral/
8https://media.xiph.org/video/derf/
9https://openremotesensing.net/knowledgebase/

SR = 1% are adopted in Fig. 11 for visual presentation. At
any considered SR, the TW-TC method compares favorably
to the TT-TC, TR-TC, FCTN-TC, and Tucker-TC models,
which distinctly illustrates the remarkable superiority of the
TW topology for fourth-order tensor recovery.

3) LFI data experiments: The LFI data experiments use
10 LFIs'" of size 108 x 162 x 3 x 5 x 5 (i.e., height x
width x spectral x vertical grid xhorizontal grid). All compared
methods are conducted under 0.1%, 0.5%, 1%, 5%, 10%, and
20% SRs, but the Tucker-TC is selectively conducted only
under 0.1%, 0.5%, and 1% SRs. The numerical and visual
results are given in Table V and Figs. 12-13, respectively.
For the fifth-order LFI recovery, the TW-TC steadily outshines
most others, which is consistent with the performance in both
third-order and fourth-order tensor experiments. This reveals
the potential of the TW-TC model or, more internally, TW
decomposition for higher-order tensor characterization.

According to the computational times reported in Fig. 9
and Tables II-V, the TW-TC typically delivers the comparable
computational efficiency with the TT-TC, TR-TC, and FCTN-
TC methods. Such a characteristic visibly distinguishes TW
decomposition from Tucker decomposition, which allows TW
decomposition to be workable under higher SRs and even
higher-rank recovery, just like in synthetic data experiments,
rather than highly computationally intractable.

VII. CONCLUSION

In this paper, we proposed a wheel topology-supported
TN decomposition, i.e., TW decomposition, and analyzed its
relevant theoretical properties. Afterwards, we presented two
different learning algorithms, i.e., the non-iterative TW-SVD
and iterative TW-ALS algorithms, to acquire the TW-format
representation. The TW decomposition was verified, both the-
oretically and numerically, to have the potential to more accu-
rately characterize the complex interactions inside high-order
tensors using only linear hyper-parameter scaling, significantly
contributing to the advancement of TNs in machine learning.
In particular, TW decomposition conferred greater flexibility
in rank allocation, which relatively alleviates the burdens
of parameter storage and computation, thus promoting the
applicability of TW decomposition. Furthermore, we provided
a TW decomposition-based TC model, i.e., TW-TC, to inves-
tigate the validity of TW decomposition for high-order tensor
recovery. Moreover, we correspondingly developed an efficient
PAM-based solving algorithm, which enjoys a convergence
guarantee. Substantial experiments on synthetic and real-world
data confirmed that the TW-TC model markedly outperforms
other state-of-the-art tensor decomposition-based methods, es-
pecially under extremely low SRs, provably demonstrating the
reliability and superiority of TW decomposition.
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